arXiv:math/0503097vl [math.AP] 5 Mar 2005 


Proc. Indian Acad. Sci. (Math. Sci.) Vol. 115, No. 1, February 2003, pp. 93-102. 
Printed in India 


On two functionals connected to the Laplacian in a class of 
doubly connected domains in space-forms 

M H C ANISA and A R AITHAL 


Department of Mathematics, University of Mumbai, Mumbai 400 098, India 
E-mail: anisa@sankhya.mu.ac.in; aithal@math.mu.ac.in 

MS received 7 September 2004; revised 15 December 2004 

Abstract. Let Si be a ball of radius r\ in 5" (H"), and let Sq be a smaller ball of radius 
ro such that Sq C Si. For S" we consider ri < 7t. Let n be a solution of the problem 
—Am = 1 in f2 := Si \ So vanishing on the boundary. It is shown that the associated 
functional J{Q.) is minimal if and only if the balls are concentric. It is also shown that 
the first Dirichlet eigenvalue of the Laplacian on D is maximal if and only if the balls 
are concentric. 
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1. Introduction 

Let {M,g) be a Riemannian manifold and let D denote the Levi-Civita connection of 
{M,g). For a smooth vector field A on M the divergence div(A) is dehned as trace(Z)A). 
For a smooth function /; M —> K, the gradient V/ is dehned by giy f{p ), v) = d/(/7) (v) 
ip GM, V G TpM) and the Laplace-Beltrami operator A is dehned by A/ = div(V/). Fur¬ 
ther, V^/ denotes the Hessian of /. Throughout this paper, (O and dV denote the volume 
element of {M,g). 

Let n C M be a domain such that £2 is a smooth compact submanifold of M. The 
Sobolev space //* (£2) is dehned as the closure of (the space of real valued smooth 

functions on £2) with respect to the Sobolev norm 

1/2 




The closure of (£2) (the space of real valued smooth functions on £2 having compact 
support in £2) in //' (£2) is denoted by Hq (£2). The Sobolev space //^(£2) is dehned as the 
closure of with respect to the Sobolev norm 



\ 1/2 


These spaces are Hilbert spaces with the corresponding norms. 
Consider the Dirichlet boundary value problem on £2: 


—Am = 1 on 
M = 0 on 



( 1 . 1 ) 
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Let u G Hq (n) be the unique weak solution of problem (1.1). By Theorem 4.8, p. 105 of 
Q, M e 

Consider the following eigenvalue problem on Q.: 

—Am = Am on Cl, I 

. > (1-2) 
M = 0 on dCl. J 

The eigenvalues of the positive Laplace-Beltrami operator —A = —div(V/) are strictly 
positive. The eigenfunctions corresponding to the first eigenvalue Ai are proportional to 
each other. They belong to and they are either strictly positive or strictly negative 

on Cl. Moreover, 

Ai =inf{ I = 1} 

(cf. Q , Theorem 4.4, p. 102). Let y :=y{Cl) G be the unique solution of problem 

(1.1). Let y\ := yi {Cl) be the unique solution of problem (1.2), corresponding to the first 
eigenvalue Ai := Ai (H), characterized by 

yi > 0 on fi and / yjdV = 1. 

in 

The aim of this paper is to prove the main results of for simply connected spherical 
and hyperbolic space-forms. 

Consider the unit sphere 5" = {{xi,X 2 ,. ■ ■ ,Xn+i) G = 1} with induced 

Riemannian metric (,) from the Euclidean space ]R"+*. Also consider the hyperbolic 
space H" = {{xi,X 2 ,--- ,Xn+\) G |“-^n+i = “1 andx„+i > 0} with the Rie¬ 
mannian metric induced from the quadratic form {x,y) := Y!i=\Xiyi “-^n+iyn+i, where 
x= {xi,X 2 ,...,Xn+i) andy = (yi,y 2 ,■ ■ ■ ,y«+i)- 

Fix 0 < ro < ri. We choose ri < ;r for the case of 5”. Let Bi be any ball of radius 
ri in 5"(EI") and Bq be any ball of radius ro such that Bq C Bi. Consider the family 
= {Bi \Bo} of domains in We study the extrema of the following functionals; 

J{Cl) = - f {|lVy(£2)||2-2y(£2)}dy, (1) 

Jq. 

Jl{Cl) = - [ {|lVyi(£2)|l2-2Ai(f2)bi(ii)]"}dy (2) 

in 

on associated to problems (1.1) and (1.2) respectively. Note here that the functionals J 
and Ji are nothing but negative of the energy functional ■fn ||Vy(n)|pdy and the Dirichlet 
eigenvalue Ai, respectively. 

We state our main results; Put CIq — B(p, ri)\B(p,ro) for any fixed p G 

Theorem 1. The functional J{Cl) on ^ assumes minimum at Cl if and only if Cl — CIq, 
i.e., when the balls are concentric. 

Theorem 2. The functional Ji (f2) on yf' assumes maximum at Cl if and only ifCl — CIq, 
i.e., when the balls are concentric. 

In §§2 and 3, following Q, we develop the ‘shape calculus’ for Riemannian manifolds 
for the stationary problem (1.1) and the eigenvalue problem (1.2) respectively. In §4, we 
prove Theorems 1 and 2 for 5", and make the necessary remarks to carry out the proofs 
of Theorems 1 and 2 for H". 
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2. Shape calculus for the stationary prohlem 

Let y be a smooth vector field on M having compact support. Let O; K x M —> M be 

the smooth flow for V. For each f S M, denote 4>(f,x) by 4>,(x) (x G M). Let Q. be an open 

subset of M such that H is a smooth compact submanifold of M. Put :=<!>; (H) (f S M). 

Let ^ be a domain in M such that suppF C Fix / G Consider the Dirichlet 

boundary value problem on n,; 

Am = / on n, , 

u — 0 on dQ,. 

Let y, G be the unique solution of problem (2.1) (cf. (T), Theorem 4.8, p. 105). 

Throughout this section y :=y(Q) denotes the unique solution of (2.1) for f = 0. 

Denote yr o <I>, |n by y' (f G R). 


( 2 . 1 ) 


PROPOSITION 2.1. 

The map 1 1 —> f is a -curve in (£2) fl Hq (£2) from a neighbourhood ofO in R. 

Proof By problem (2.1), for each t GM.,yt satisfies the equation 

[ g(Vy„Vv/)dy = -/ fwdV Vv/G’C(a). (3) 

Ja, Ja, 

There exists smooth function 7 ,; M —> (0,oo) such that <I >*co — Yt(0 (here, co := dV, the 
volume element of {M,g)). Put := B* = transpose of B, (i.e., g(B,(x)v,w) = 

g(v,B*(x)w) Vv G TxTlt, w G TxjQ., where x' and A, := jtBtBf By the change 

of variable <!>,: £2 —> £2,, eq. (3) can be re-written as 

/ —div(ArV(y; oO,)) y/oij); dy = — / /o<I),y/o<I ),7 dy. 
in Ja 

Therefore, y' := y, o <!),; £2 —> R satisfies 

-div(A,Vy')-b/oO, 7 , =0 on £2, ) 

y' = 0 on 5£2. J ^ 

Define B: R x //^(£2) Pi/Zq (£2) —> L^(£2) by F{t,u) = —div(A,VM) +/o 0 , 7 . ThenB is a 
‘^^-map. Further 02 ^I(oy)(0,M) = —div(VM) (recally =y(£2)). By the standard theory of 
Dirichlet boundary value problem on compact Riemannian manifolds (Q], Theorem 4.8, 
p. 105 and 13, Theorem 7.32, p. 259), 

D 2 B|(o,,):/Z"(£ 2 ) nZ/o‘(ii) -L 2 (£ 2 ) 

is an isomorphism. By (2.2), F{t,y') = 0 Vf. Proposition 2.1 now follows by the implicit 
function theorem. □ 


DEFINITION 

y(£2,y) := (^y') |j_q G Hq (£2) is called the (strong) material derivative ofy in the direc¬ 
tion of y. 


Consider £2' C C £2. 
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PROPOSITION 2.2. 

The map t !—> Jfln' is a -curve in from a neighbourhood of 0 in M and 

d/df|r=o (yrbO = -g(Vy,y)}b'. 

Proof There exists 5 > 0 such that Q! C 't>r(0) V|f | < 5. Thenjf = / o<I)_,b' < 

5. Proposition 2.2 now follows from Proposition 2.1 and Proposition 2.38, p. 71 of 151. □ 


DEFINITION 

y (0,y) := 3 )(n,y) —.g(Vy,y) G //* (O) is called the shape derivative ofy in the direction 
ofy. 

Consider the domain functional 7(0,) defined by 7(0,) := y, dy (f £ R). 


DEFINITION 


The Eulerian derivative d7(0,y) of 7(0,) at f = 0 is defined as 


d7(0,y) := lim 

t —>0 


7(0,)-7(0) 
t 


PROPOSITION 2.3. 

The function J{Elt) is differentiable at t = 0 and d7(0,y) = f^y' dy. 


Proof Let LyCO denote the Lie derivative of co with respect to V, and iyO} denote the 
interior multiplication of (0 with respect to V. Then 


— (<t>*fi))|,=o Eytt) = (div -Piyd) CO = dfvco) = div(y) (O. 


Hence, by Propositions 2.1 and 2.2 we get 

' y’<P*co-yco 


d7(0,y) = lim [ 
t —>o7n 




lr=0 


: f {y + ydiv(y)} dy = f {y+g(Vy,y) + ydiv(y)} dy 
7n 7n 

: [ y dV-\- [ d{yivCo)= f / dy. 

7n Jn JQ. 


□ 


PROPOSITION 2.4. 

The shape derivative y' = y' {Q.,V) is the weak solution of the Dirichlet boundary value 
problem 

Av = 0 on Q,, 1 

= -^8(y,n) J 

in the space //' (O). {Here, n is the outward unit normal field on (90). 


(2.3) 
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Proof. Consider xj/ G having support in a domain Q! CC Cl. There exists 5 > 0 

such that n' C n? V |f I < 5. By problem (2.1), 

[ g(Vy„Vv/)dy = - / fwdV for|f|<5. (4) 

in' in' 

By Proposition 2.2, differentiation of LHS of eq. (4) with respect to f at f = 0 can be 
carried out under the integral sign. So we get 

f dV = 0 . 

in' 

Thus y' satisfies Ay' = 0 weakly on Cl. 

Now y, y G H^{Cl) nHQ^Cl), andy' = y — g(Vy,y) G H^{Cl). So by Proposition 2.39, 
p. 88 of El, we get 

yUn=yUn-^(Vy,V)|an and y| 5 n = 0. 

Also, y G andy = 0 on dCl by (2.1). So, g(Vy,y)| 5 £j = ^^g{V,n). Thus, y'j^n = 


3. Shape calculus for the eigenvalue prohlem 

Let {M,g), y, Or, Cl, Clt, Yt,At be as in §2. Consider problem (1.2) posed in Clt '. 

—Am = Am on Clt, 

M = 0 on dClt. 

Let Ai(f) := Ai(£2r) and yi(f) := yi(nr) be as in §1. We denote yi(f2) by yi and Ai(£i) 
by Ai throughout this section. 

Denote yi (f) o Or |s^ by y'j (f G R). 


(3.1) 


PROPOSITION 3.1. 

The map t i—s- (Ai (f), y'j) is a -curve in R X H^{Cl) D Hq {Cl) from a neighbourhood 
of 0 in R. 


Proof. By problem (3.1), for each f G R, yi [t) satisfies the equation 

[ 80^yiit)y¥)dV = [ Ai(f)yi(f)v/dy 'Yy/ G HoiClt). (5) 

in, in, 

As in the proof of Proposition 2.1, eq. (5) can be re-written as 

- f div(ArVyj) y/dy = / Xi{t)y\Y,\j/dV 'Y Xj/ G Hq (Cl). (6) 

in in 

Therefore, 1 1 —> (Ai(f), y\ ) satisfies 

div(ArVy'j ) -f Ai(f)y'j 7r = 0 on O, 1 

/n(yi)'7rdy = L / 

Let if := R X H'^{CI) r\HQ{Cl). Define F: R x if —> L?{Cl) x R by F{t,p,u) = 
(div(ArVM)+/iM 7 r,/QM^ 7 r dy — l). Then F is a "^'-map. Further D2F\[Q^Xi,yi) 
{0,p, u) = (AM + AiM + /zyi , 2 f^yiudV). 
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Claim. £>2-f’|(o.Ai,y,)’ ® D/Zq (fi) —> L?{Q.) x R is an isomorphism. 

Let (v, b) G L^(Q) x R be arbitrary. Consider the following problem: 

AM + AiM + /ryi = v on O, 

2/nyiMdy = b. 

Now by Fredholm alternative, Au + Aiu = v — /iyi has a solution in (£1) D/Zq (£1) if and 
only if V — /ryi L y\ in L?'{Q.). So, for jXo := f^vyi dV there exists mi G //^(£i) DZ/q (£i) 
such that Ami +AiMi +/royi = v. Moreover, the solutions of Am + Aim +/Toy i = v are of the 
form M = Ml + ayi, a G R. Given Z> G R there exists a unique ao := Z>/2 — Jj^yiMi dV G R 
such that 2 fo^yiu dV — b. Put mq = mi + aoyi- Thus for (v, b) G L?{Q.) x R there exists 
a unique (/To, mq) G R x ZZ^(£1) nZZg (£2) such that D2 Z^|(o,A|..vi)(Oj Mo, mq) = (v, b). This 
proves the claim. 

By (3.2), F{t, Ai(f),yj) = 0 Vf. Proposition 3.1 now follows by the implicit function 
theorem. □ 



DEFINITION 

yi(£2,y) := ((d/df)yj)|f=o C called the (strong) material derivative ofyi in the 

direction of y. 

Consider £2' CC £2. 

PROPOSITION 3.2. 

The map t i—> yi(f)|n' '^^-curve in ZZ*(£2') from a neighbourhood ofO in R and 
((d/df)[yi(f)|n'])|f=o = (ji - .g(Vyi,y)) |n' G ZZ'(£2'). Further, y\ satisfies y[ = yi- 
g(Vyi,y) inH\Q.) andyWaa = g{V,n). 

Proof There exists 5 > 0 such that £2' C <t>f(£2) V|f| < 5. The first part of Proposi¬ 
tion 3.2 follows from Proposition 3.1 and Proposition 2.38, p. 71 of Q. Now as yi G 
ZZ'(£2) and Vyi G '^“’(£2), wegety'j =yi -g(Vyi,y) gZZ'(£ 2). Hence, =yi|an- 
g{'^y\,y)\dQ. = -^ g{y,n). □ 


DEFINITION 

The shape derivative ofy\ in the direction of V is the element y = yj(£2,y) G ZZ*(£2) 
defined by y =yi -g(Vyi,y). 

PROPOSITION 3.3. 

The shape derivative y\ G satisfies 

—Ay = Ai/i -I- Ai'y 1 on £2 


in the sense of distributions. 
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Proof. Let \j/ G Let CC be a domain such that suppy/ C Q.'. As yi(f) is a 

solution of problem (1.2) posed in Q.t, for t sufficiently small we get 

[ 8i'^yi{t)yw)dy = [ Ai(f)yi(f) V/dV. (7) 

Ja' Jq.' 

By Propositions 3.1 and 3.2, we can differentiate with respect to t under the integral sign 
in eq. (7). Thus we have 

f ^(Vyi,Vv/)dy = [ {Xiy'i-\-X[yi)\i/dV. 

Jq.' Jq' 

Hence, 

- f y[A\l/dV= [ {X\y\+X[yi)\lf dV W Xj/G (Q.). □ 

Jq Jq 


PROPOSITION 3.4. 


y[G^-{D). 

Proof. By Proposition 3.2, y\ = yi —g(Vyi,y) on Q.. Hence it is enough to prove that 
yi G ConsiderL := A + Ai, a linear elliptic operator of order 2. Thenyi G Hq{Q.) 

satisfies L(yi) = L{y[ +g(Vyi,y)) = —X[y\ +L(g(Vyi,y)), by Proposition 3.3. From 
Proposition 3.58, p. 87 of (T), it follows that yi G □ 


PROPOSITION 3.5. 

Proof. We write X[ = dy. By Proposition 3.3, X[ = /q{— Ay'j — Ai/ilyi dy. 

Hence by problem (1.2) and Proposition 3.4, we get 


a; = +y, A„) dy= {y, |i} dj 


f / dyi 
JdQ an 


Now the result follows by Proposition 3.2. 


□ 


4. Proofs of Theorem 1 and Theorem 2 for A" 

Proof of Theorem \ for S'\ We continue with the notations of §1 such as ro,ri,,^, 
and y{Q.),J{Q.) for £2 G for S’\ For |f| < n, put p := (0,...,0,1) and q{t) = 
(0,...,0,sinf,cosf) G S". The Laplace-Beltrami operator A of is invari¬ 

ant under isometries of 5". So we need to study the functional J only on domains 
Q.{q{t)) :=B{ri)\B{q{t),ro),0 < \t\ < ri-ro, where B(ri) ;=B(p,ri). 

We define j: (ro — ri,ri — ro)—>Rby j{t) = J{Q.{q{t))). 
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Fix fo such that 0 < fo < — ro and put Q. := Q.{q{to)) and Bq := B{q{to),ro). Fix 
r 2 such that ro < r 2 < ri — to and consider a smooth function p: S” —> K. satisfying 
p = 1 on B{q{to),r 2 ) and p = 0 on dB{r\). Let V denote the vector field on S” defined 
by y(x) = p(x)(0,...,0,x„+i,-x„) Vx = (xi,...,x„+i) G S”. Let {<I>r}reM be the one- 
parameter family of diffeomorphisms of 5" associated with V. Then for f sufficiently close 
to 0, 7(<I>j(f2)) = j(to+t). Note that 7(<I>,(fi)) = f^^yt dV, hence by Proposition 2.3, j is 
differentiable at Iq. 

Note that j is an even function which is differentiable at 0. Hence /(O) = 0. 

Now onwards we fix to such that 0 < to < ri — ro and consider Q. := Q.(q(to)) and 
Bo '■= B(q(to),ro). Let n denote the outward unit normal of Q. on dD.. For x G dBo, put 
a = d{p,x) and a = the angle at p of the spherical triangle T := [p,^(fo),x] with ver¬ 
tices p,q{to) and X. Then n(x) = (^(fo) — cosrox)/sinro and {V,n){x) = (cosasinfo — 
sin a cosfo cos a)/sinro. Hence, by eq. (19) on p. 30 of (hj, we get 

(y,n) (x) = cosj3(x), (8) 


where (x) denotes the angle at q{to) of the spherical triangle T defined above. 

By Proposition 2.3, /(fo) = f^y' dV. Hence by Proposition 2.4 and problem (1.1), 


[y'dV = -[ {y'Ay-yAy'}dV = - f 
Ja Jn Jdn [ dn dn} 

, dy 


d5 


-I 


dn dn 


Again by Proposition 2.4 and eq. (8) above, we get 

/(fo) = J cosj3(x)d5. (9) 

Let H denote the hyperplane in K"+* through (0,... ,0) having q'{to) as a normal vec¬ 
tor. Let kh denote the reflection of S” about H. Put 6 = {x G H | {x,q’{to)) > 0}. Then 
rni^) CB{r\) and r//(Bo) = Bo- For x G dBo ^dff, let x' denote r//(x). Note that for all 
X G dBo C\dG, cosj3(x) <0 and cosj3(x') = — cos p (x). Thus eq. (9) can be re-written as 

j'{to)= ( |cos^(x)d5. (10) 

JxedBonde \\dn J \dn J \ 

The Laplace-Beltrami operator A of 5" is uniformly elliptic on S" and hence the maximum 
principle ( j?). Theorem 5, p. 61) and the Hopf maximum principle (01, Theorem 7, p. 65) 
are applicable on Q. Hence, by arguments analogous to 0 at this stage, we get 



< 



Vx G dBo Idd^. 


Thus from eq. (10), / (fo) > 0. This completes the proof of Theorem 1 for 5". □ 


Proof of Theorem! for S’'. We continue with the notations of §1 such as Ai(f2),yi(fi) 
and 7i(n) for Q. G Let p, q{t) be as in the proof of Theorem 1. Define ji: (ro — 
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ri, ri — ro) —> R by ji (f) = Ji (Q(q(t))). As in the proof of Theorem 1, fix fo such that 
0 < fo < ri — ro and put Q := Q(q(to)) and Bq := B(q(to),ro). Then for f sufficiently close 
to 0 we have Ji (fo + f) = By Proposition 3.1, is differentiable 

at f = fo and f (fo) = X[ (H). As Ai (^^(fl)) = Ai (<I>_,(f2)), j\ is an even function which 
is differentiable at 0. Thus f (0) = 0. 

Now onwards we fix fo such that 0 < fo < ri — ro and put Q. := Q.{q{to)) and Bq := 
B{q{to),ro). Then by Proposition 3.5 and eq. (8), we get 

j[{to)=X[{Q.) = - [ {V,n)dS=- [ cos^(x)d5. 

Jdn \on J JdBo \on J 

( 11 ) 


As in the proof of Theorem 1, eq. (11) can be re-written as 

/i(fo) = -/ |cos^(x)d5. (12) 

JxedBondff I V on / \ on ) \ 

The Laplace-Beltrami operator A of 5" is uniformly elliptic on 5”. So, the Hopf max¬ 
imum principle (0, Theorem 7, p. 65) and the generalised maximum principle (l4l. 
Theorem 10, p. 73) are applicable on £l. Hence, by arguments analogous to flU we 
get 


5yi 

dn 


(x) 


< 


dn 


Ux') 


VX G dBo C\d&. 


It follows from eq. (12) that /j(fo) < 0. The proof of Theorem 2 is now complete for 
S'\ □ 


Remark on proofs of Theorem 1 andTheorem2forW\ Forf S]R,define^(f) = (0,...,0,sinhf,coshf) G 
H". Put p := q(0) and q := q{tf) (fo > 0). Define the vector field V on H" by 
V{x) = p{x) (0,... ,0,x„+i,x„) Vx = (xi,... ,x„+i) G H”, where p; H” —> R is as in the 
proof of Theorem 1 for 5”. 

Let n denote the inward unit normal of B{q, ro) on dB{q, ro). Then, 
n(x) = {q — coshrox) / sinhro 


and 


(y,n) (x) = (x„+i sinhfo — x„ cosh fo)/sinhro = cosj3(x), 
where j3 (x) denotes the angle at q of the hyperbolic triangle [p,q,x\ with vertices p, q and 

X. 

Now Theorems 1 and 2 for the hyperbolic case can be proved using shape calculus of 
§§2 and 3 as in the case of sphere. □ 
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